Analytical evaluation of relativistic molecular integrals. II.
  Computational aspect for relativistic molecular auxiliary functions by Bagci, A et al.
ar
X
iv
:1
80
4.
11
06
4v
1 
 [q
ua
nt-
ph
]  
30
 A
pr
 20
18
Noname manuscript No.
(will be inserted by the editor)
Analytical evaluation of relativistic molecular integrals.
II. Computational aspect for relativistic molecular auxiliary functions.
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Abstract The Slater-type orbital basis with non-integer prin-
cipal quantum numbers is a physically and mathematically
motivated choice for molecular electronic structure calcu-
lations in both non-relativistic and relativistic theory. The
non-analyticity of these orbitals at r = 0, however, requires
analytical relations for multi-center integrals to be derived.
This is nearly insurmountable. Previous papers by present
authors eliminated this difficulty. Highly accurate results can
be achieved by the procedure described in these papers, which
place no restrictions on quantum numbers in all ranges of or-
bital parameters. The purpose of this work is to investigate
computational aspects of the formulae given in the previous
paper. It is to present a method which helps to increase com-
putational efficiency. In terms of the processing time, evalu-
ation of integrals over Slater-type orbitals with non-integer
principal quantum numbers are competitive with those over
Slater-type orbitals with integer principal quantum numbers.
Keywords Slater-type orbitals · Multi-center integrals ·
Auxiliary functions
1 Introduction
In the first paper [1] of aforementioned series, history and
importance of usage the auxiliary function method was sum-
marized. Applications in molecular calculations were briefly
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given. A discussion was made on the relativistic molecular
auxiliary functions introduced previously [2]. They are used
when the principal quantum numbers in a Slater-type orbital
basis (STO) [3] are free from any restriction [4],
χ (ζ ,r) =
(2ζ )n+1/2√
Γ (2n+ 1)
rn−1e−ζ rYlm (θ ,ϕ) , (1)
TheYlm are complex or real spherical harmonics
(
Y ∗lm = Yl−m ;
Slm ≡ Ylm) [5]. The STO basis with non-integer pribcipal
quantum numbers provides extra flexibility for closer varia-
tional description of trial wavefunction [4, 6–15] in the lin-
ear combination of atomic orbital method [16]. They also
lead to use of a Slater-type spinor basis [17, 18] in algebraic
solution of the four-component Dirac equation [19, 20] due
to the so-called kinetic balance condition [21–26]. The ma-
trix elements arising in a generalized eigenvalue equation
are evaluated through prolate spheroidal coordinates and ex-
pressed in terms of relativistic molecular auxiliary functions.
A method to analytically evaluate these auxiliary functions
was obtained via convergent series representation of incom-
plete beta functions. They were derived according to a cri-
terion [1]. Symmetry properties arise from evaluating two-
center two-electron integrals via the two-range addition the-
orem and give this result. The incomplete gamma functions
are thereby eliminated from auxiliary functions via up-ward
or down-ward recurrence relations. The relations obtained
for two-center two-electron integrals are compact, expressed
using overlap integrals.
The main goal of the present study is to open the lock
to usability of the analytical approach. Thus, derivation of
the relativistic molecular auxiliary functions is re-visited.
Regarding analytical evaluation of overlap integrals, differ-
ences and similarities between using integer and non-integer
principal quantum numbers in STOs are investigated. The
analytical expressions we previously obtained are used to
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calculate starting values. Computationally efficient recurrence
relations are derived accordingly. A simple computational
scheme on how to use the presented formulae is described.
Range-separated functionals [27] which use STOs and
Yukawa-like potentials [28] for the attenuated electron-electron
interaction in density functional theory have focussed inter-
est in recent years [29–32]. Procedure described for evalu-
ation of two-center integrals over STOs and Coulomb po-
tential is used for equivalent integrals with the Yukawa-like
potentials. The relativistic molecular auxiliary functions are
available to be used in evaluation of these integrals for any
potentials. In addition, the STOs to be used are free from
any restriction.
2 Origin of the relativistic molecular auxiliary functions
Following the procedure given in [33] the expression of two-
center two-electronCoulomb energy associated with a charge
density ρ (r),
E =
∫ ∫
G(r1,r2)ρ (ra1)ρ
(
rb2
)
dV1dV2 (2)
where,G(r1,r2) is the Green’s function for the Laplace equa-
tion. The Coulomb operator is transformed into a kinetic-
energy-like integral using Poisson’s equation for the density
due to electron indicated by 2,
▽2rb2V
(
rb2
)
=−4piρ (rb2) (3)
and single-center potential,
V (ra2) =
∫
ρ (ra1)
r12
dV1 (4)
as,
E =− 1
4pi
∫
V (ra2)▽2rb2 V
* (rb2)dV2
=
∫
V (ra2)ρ
(
rb2
)
dV2. (5)
Here, dV= r2 sin(θ )dθdφ , the integration domain is [0,∞)×
[0,pi ]× [0,2pi ]. Note that these expressions are symmetric
with respect to exchange in subscripts a,b.
For normalized non-integer Slater-type orbital (NSTO) the
one-center potential are expressed in terms of radial func-
tions as [2],
V (ra2) = ∑
L1M1
F
L1
N1
(x1,ra2)CL1M1 . (6)
where,
F
L1
N1
(x1,ra2)
=Nn1n′1 (1, t1)
(
2ζ¯1
)
f
L1
N1
(x1,ra2)Y
*
L1M1
(θa2φa2) (7)
with,
f
L1
N1
(x1,ra2) = Γ (N1+L1+ 1)
1
x
L1+1
1
{
P[N1+L1+ 1,x1]
+
x
2L1+1
1
(N1−L1)2L1+1
Q[N1−L1,x1]
}
, (8)
and,
CL1M1 =
(
4pi
2L1+ 1
)1/2
CL1M1(l1m1, l
′
1m
′
1)A
M1
m1m
′
1
, (9)
are the generalized Gaunt coefficients, see [34, 35] for the
definition of AM coefficients. The normalization coefficients
are determined by,
N (p,τ) = [p+ t]
n+1/2[p− t]n′+1/2√
Γ [2n+ 1]Γ [2n′+ 1]
(10)
with,
x= 2ζ¯ r, ζ¯ = 12 (ζ + ζ
′), p= R2 (ζ + ζ
′), t = ζ−ζ
′
ζ+ζ ′ , N = n+
n′, {ζ ,ζ ′} are orbital parameters.
P[α,z], Q[α,z] are the normalized incomplete gamma and
its complement [36, 37],
P [α,z] =
γ (α,z)
Γ (α)
, Q [α,z] =
Γ (α,z)
Γ (α)
. (11)
By definition, they satisfy.
P+Q= 1. (12)
γ(a,z) and Γ (a,z) are the incomplete gamma functions,
γ (α,z) =
∫ z
0
τα−1e−τdτ, Γ (α,z) =
∫ ∞
z
τα−1e−τdτ.
(13)
Γ (a) is the gamma function,
Γ (α) = Γ (α,z)+ γ (α,z) . (14)
The criterion [1] that allows the incomplete gamma func-
tions to be eliminated from the two-center two-electron in-
tegrals may now be applied to Eq. (8). Using the following
up- and down-ward distant recurrence relations for normal-
ized incomplete gamma functions [38],
{
P [α,z]
Q [α,z]
}
=

 P [α + n,z]+ e
−z∑ns=1
(z)α+s−1
Γ (a+s)
Q [α + n,z]− e−z∑ns=1 (z)
α+s−1
Γ (α+s)

 , (15)
{
P [α,z]
Q [α,z]
}
=

P [α − n,z]− e
−z∑n−1s=1
(z)α−s−1
Γ (α−s)
Q [a− n,z]+ e−z∑n−1s=1 (z)
α−s−1
Γ (α−s)

 , (16)
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both P and Q in Eq.(8) are synchronized to P [N1+ 1,x1],
Q [N1+ 1,x1]. Making use of Eq. (12), the relationship given
for Mulliken functions [39],
Aα (z) = (z)
−α−1Γ (α + 1,z) , (17)
the final expression that holds for the incomplete gamma
functions obtained as:
1
x
L1+1
1
{
P[N1+ 1,x1]+
x
2L1+1
1
(N1−L1)2L1+1
Q[N1+ 1,x1]
}
=
1
x
L1+1
1
{
1− x
N1+1
1 AN1 (x1)
Γ (N1+ 1)
(
1+
x
2L1+1
1
(N1−L1)2L1+1
)}
.
(18)
Such an early operation however not only increases the com-
plexity of relations, since it prevents taking advantage of Eq.
(12) and leaves no choice but use of the infinite series repre-
sentation of incomplete gamma functions. It also makes the
convergence of the results doubtful. The incomplete gamma
functions in the region 0 ≤ α < 1 are unstable [37, 40, 41].
Generation of the incomplete gamma functions by means of
recurrence relations for 0 ≤ α < 1 in an efficient approach
and computing the gamma functions without erroneous last
digits is still being studied in the literature [42–44].
Besides, performing this operation in advance may block
analogously generalization of relativistic molecular auxil-
iary functions [2],{ Pn1,qn2n3n4 (p123)
Qn1,qn2n3n4 (p123)
}
=
p
n1
1
(n4− n1)n1
∫ ∞
1
∫ 1
−1
(ξ ν)q (ξ +ν)n2 (ξ −ν)n3
×
{
P [n4− n1, p1(ξ +ν)]
Q [n4− n1, p1(ξ +ν)]
}
ep2ξ−p3νdξdν, (19)
which are obtained by directly using Eq. (8) in the two-
center two-electron integrals and making use of the prod-
uct of two spherical harmonics with the same and differ-
ent centers in prolate ellipsoidal coordinates (ξ ,ν,ϕ), with
0 ≤ ξ ≤ ∞, 1 ≤ ν ≤ 1, 0 ≤ ϕ ≤ 2pi . Here, {q,n1} ∈ Z,
{n2,n3,n4} ∈R, p123 = {p1, p2, p3} (and in subsequent no-
tation), p1 > 0, p2 > 0,−p2 ≤ p3 ≤ p2. Taking into account
the notation used immediately after Eq. (10) , {p1, p2}= p,
p3 = pt.
The Eq. (8) is obtained by expanding Eq. (4) using the new
set of functions, with the Laplace expansion for Coulomb
interaction,
1
r12
=
∞
∑
l=0
l
∑
m=−l
(
4pi
2l+ 1
)
rl<
rl+1>
Ylm(θ1,ϕ1)Y
*
lm(θ2,ϕ2), (20)
r< and r> depend simply on r1 and r2 through |r<|=min [r1,r2],
|r>|=max [r1,r2]. The Laplace expansion is a two-range se-
ries representation of the Coulomb potential 1
r12
= 1|r1−r2| ,
which is not analytic when r1 = r2. This point is the singular-
ity of the potential. This series expansion is derived by three-
dimensional Taylor expansion using the translation operator
in general has the form [45, 46]:
f (r<,r>) =
∞
∑
s=0
(r< . ▽>)s
Γ [s+ 1]
f (r>) = e
r< . ▽> f (r>) , (21)
here, the term
(
er< . ▽>
)
given as [47],
er< . ▽> = 2pi
∞
∑
l=0
l
∑
m=−l
Ylm (r<)⋆Ylm (r>)
×
∞
∑
s=0
r2s<▽2s>
2l+2ss!(1/2)l+s+1
, (22)
with Ylm are the regular spherical harmonics given by [48],
Ylm (r) = rlYlm (θ ,ϕ) , (23)
From Eqs. (21, 22) and details of the procedure for con-
structing an addition theorem [45], we notice that the ex-
pression (ξ +ν) arising in the Eq. (19) can be considered to
generate the Coulomb potential. We also pay special atten-
tion to the incomplete gamma functions. Extending this, a
completely general form of generating function in which the
whole set of physical operators can be represented through
an argument f ki j has been devised in our previous work. [2],
f ki j = (ξ ν)
k (ξ +ν)i (ξ −ν) j . (24)
They are irreducible representations of elements required to
generate the potential. For the Coulomb potential, the spe-
cial case when i= 1, k= j = 0
(
f 010 = (ξ +ν)
)
is appropri-
ate. This means that solution of the Eq. (5) for any potential
may be represented in terms of Eq. (19).
The expressions for evaluation of the single-center poten-
tial (Eq. (4))with Yukawa-like form, use the following two-
range formula, derived from Eqs. (21, 22) and give:
e−ηr12
r12
= 4pi
∞
∑
l=0
l
∑
m=−l
(2l+ 1)
Il+1/2 (ηr<)Kl+1/2 (ηr>)√
r1r2
×Ylm(θ1,ϕ1)Y *lm(θ2,ϕ2), (25)
where, Iα+1/2 (z), Kα+1/2 (z) are modified Bessel functions
of the first- and second-kind (Macdonald functions) [49], re-
spectively, have been obtained in terms of the incomplete
gamma functions. This is due to the integral representation
of Bessel functions having the following forms (used for
single-center potentials):
In,l (ζ ,η ,r) =
∫ r
0
τn+l+1/2Il+1/2 (ητ)e
−ζτdτ, (26)
Kn,l (ζ ,η ,r) =
∫ ∞
r
τn+l+1/2Kl+1/2 (ητ)e
−ζτdτ. (27)
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And, the Bessel functions are written in closed form as [50],
I±(l+1/2) (z) =
1√
2piz
[
ez
l
∑
s=0
(−1)s (l+ s)!
s!(l− k)!
1
(2z)s
± (−1)i+1 e−z
l
∑
s=0
(l+ s)!
s!(l− s)!
1
(2z)s
]
, (28)
Kl+1/2 (z) =
√
pi
2z
e−z
l
∑
s=0
(l+ s)!
s!(l− s)!
1
(2z)s
. (29)
It is clear from these expressions and Eq. (13) that the Eqs.
(26, 27) are expressed in terms of incomplete gamma func-
tions. This is, therefore, the only condition needed for two-
center two-electron integrals to be easily represented by the
relativistic auxiliary functions. They prevent immediate ex-
pansion of the incomplete gamma functions in the one-center
potentials and make it possible to benefit from the symmetry
properties pointed out in the paper.
3 The two-center overlap integrals
By applying the criterion given in [1] to the resultant expres-
sions of the two-center two-electron integrals, the relativistic
molecular auxiliary functions, for all values of argument f ki j ,
are reduced to overlap-like integrals, which have the follow-
ing form (in the prolate spheroidal coordinates),
Gn1,qn2n3 (p123) =
p
n1
1
Γ (n1+ 1)
×
∫ ∞
1
∫ 1
−1
(ξ ν)q (ξ +ν)n2 (ξ −ν)n3 e−p2ξ−p3νdξdν.
(30)
The factor (ξ ν)q arises from products of two associated
Legendre functions, with different centers [34, 51],
Plλ (cosθa)Pl′λ (cosθb)
=
l
∑
σ=−λ
l′
∑
σ ′=λ
σ+σ ′
∑
q=0
g
q
σσ ′(lλ , l
′λ )
×
[
(ξ ν)q
(ξ +ν)σ (ξ −ν)σ ′
]
. (31)
λ = |m|= |m′|, {m,m′} are magnetic quantum numbers. See
[34, 52] for the explicit form of gqσσ ′ . The product of radial
parts of NSTOs gives:
rn−1a r
n′−1
b e
−ζara−ζbrb
=
(
R
2
)n+n′−2
(ξ +ν)n−1 (ξ −ν)n′−1 e−pξ−ptν , (32)
This generates the remaining terms, with conditions:
n2 = n−σ > 0, n3 = n′−σ ′ > 0.
First, assuming all the quantum numbers are integers,
{n2,n3} ∈ Z. This defines the two-center overlap integrals
for STOs. Thus, the binomial series expansion may be used
for the power functions (ξ +ν)n2 , (ξ −ν)n3 ;
Gn1,qn2n3(p123) =
p
n1
1
Γ (n1+ 1)
n2+n3
∑
s=0
Fs (n2,n3)
×
∫ ∞
1
ξ n1+n2+q−se−p2ξdξ
∫ 1
−1
νq+se−p3νdν, (33)
where Fs(n,n′): generalized binomial coefficients [34, 51],
Fs
(
n,n′
)
=
min(s,n′)
∑
s′= 12 [(s−n)+|s−n|]
(−1)s′Fs−s′(n)Fs′(n′), (34)
with the coefficients Fs(n) are the binomial coefficients in-
dexed by n, s which is usually written as
(
n
s
)
with,
(
n
s
)
=
Γ (n+ 1)
Γ (s+ 1)Γ (n− s+ 1). (35)
If the orbital parameters {ζ ,ζ ′} are equal (p2 = p, p3 = 0),
the only integral to be computed takes the form:
Aα (p) =
∫ ∞
1
ταe−pτdτ, (36)
and for p > 0 are easily and stably generated by up-ward
recursion in α for all positive p.
If the orbital parameters are different (p2 = p, p3 = pt), then
an additional and much more difficult integral arises,
Bα (p) =
∫ 1
−1
ταe−pτdτ. (37)
A down-ward recursive procedure,
Bα (pt) =
1
p
[
αBα−1 (pt)+ (−1)α ept − e−pt
]
, (38)
for these integrals, stable for all α and pt was given in [53].
It uses modified Bessel functions. Bessel functions are first
generated by Eq. (38), after which the Bα are given as lin-
ear combinations of them. This procedure, however, requires
more computational effort than an optimal use of up- and
down-ward recursion directly in Bα . By representing the
starting values of down-ward recursion formula as incom-
plete gamma functions, the behavior of the Bα integrals was
also investigated in [54]. In another study [55], in order to
calculate the Bα integrals for large values of pt, the follow-
ing sum [39] was used:
Bα (pt) = (−1)α+1Aα (−pt)−Aα (pt) . (39)
For small values of pt, the finite series representations of Aα
integrals,
Aα (pt) = e
−pt
α+1
∑
s=1
α!
(pt)s (α− s+ 1)! (40)
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by replacing s with α − s+ 1; 0 ≤ s ≤ α , were used first.
Afterwards, the infinite series representations of exponen-
tial functions were applied to the resulting expression. Im-
provements on this formulae were made according to com-
ments in [56] on results in [57] (in fact, the formulae given
in [58] were more carefully coded rather than any signifi-
cant change). Regardless of the method, an infinite sum that
needs to be accurately calculated, is obtained in fine.
The only possible simplification in Eq. (30) when the pa-
rameters related to quantum numbers take non-integer val-
ues {n2,n3} ∈ R (Here, we are referring to the two-center
overlap integrals for NSTOs), is eliminating the power func-
tions (ξ ν)q,
(ξ ν)q =
1
22q
q
∑
s=0
(−1)sFs (q)(ξ +ν)2q−2s (ξ −ν)2s (41)
The remaining power functions are not analytical whichmeans
they can not be represented by a power series [59]. Thus,
Gn1,qn2n3(p123) =
1
22q
q
∑
s=0
(−1)sFs (q)Gn1,0n2+2q−2s,n3+2s(p123).
(42)
In Eq. (42), n2 decreasing while n3 increases or visa-versa.
Due to the following recurrence relationships, calculating
each term arising in Eq. (42) is avoided,
down-ward over n2, up-ward over n3,(
p2+ p3
p3
)
Gn1,0n2n3(p123)
=
(
p2− p3
p3
)(
n2
n3+ 1
)
Gn1,0n2−1,n3+1(p123)
− p2
p3
(
1
n3+ 1
)[
+Kn1,0n2,n3+1 (p132) − +K
n1,0
n3+1,n2
(p132)
]
−
(
1
n3+ 1
)
N n1,0n2,n3+1 (p123) , (43)
down-ward over n3, up-ward over n2,(
p2− p3
p3
)
Gn1,0n2n3(p123)
=−
(
p2+ p3
p3
)(
n3
n2+ 1
)
Gn1,0n2+1,n3−1(p123)
+
p2
p3
(
1
n2+ 1
)[
+Kn1,0n3,n2+1 (p132) − +K
n1,0
n2+1,n3
(p132)
]
−
(
1
n2+ 1
)
N n1,0n2+1,n3 (p123) , (44)
with,
N n1,qn2,n3 (p123) =
p
n1
1
Γ (n1+ 1)
e−p2
×
∫ 1
−1
νq (1+ν)n2 (1−ν)n3 e−p3νdν, (45)
+Kn1,qn2,n3 (p123) =
p
n1
1
Γ (n1+ 1)
e−p2
×
∫ ∞
1
ξ q (ξ + 1)n2 (ξ − 1)n3 e−p3ξdξ . (46)
Note that, the reason for the sign “+” in definition of the
+Kn1,qn2,n3 is that integrals below, in the same form with neg-
ative values of q are needed. The integrals are named to
emphasize their variables. The constant
p
n1
1
Γ (n1+1)
in Eq. (30)
arises from use of Eqs.(15, 16) with Eq. (19) according to
criterion given in [1]. It is thus more advantageous to keep
this scheme in sub-functions. See section 4 for explicit forms
of theN n1,qn2,n3 and +Kn1,qn2,n3 .
Relationships for calculating the starting values of the Eqs.
(43, 44) are given as:
Gn1,0n2n3(p123) =

νGn1,0,0n2n3 (p102) p3 = pt = 0
p
n1
1
Γ (n1+1)
∑∞s=0 (−1)s νGs,s,sn2n3(p302) p3 = pt 6= 0
(47)
where,
νGn1,q1,q2n2n3 (p123) =
p
n1
1
Γ (n1+ 1)
e−p2
×
∫ ∞
1
∫ 1
−1
ξ−q1 (ξ ν)q2 (ξ +ν)n2 (ξ −ν)n3 e−p3ξdξdν.
(48)
Please see Appendices (A, B) for derivations of the Eqs. (43,
44) and Eq. (47), respectively.
Using Eq. (41) again, we have,
νGn1,q1,q2n2n3 (p123)
=
1
22q2
q2
∑
s=0
(−1)sFs (q2) νGn1,q1,0n2+2q2−2s,n3+2s(p123). (49)
The right hand-side of Eq. (49) was previously expressed in
terms of incomplete beta functions [1] as,
νGn1,q1,0n2n3 (p123) = 2q1
[1Kn1,q1n2n3 (p123) + 1Kn1,q1n3n2 (p123)
−2Kn1,q1n2n3 (p123) − 2Kn1,q1n3n2 (p123)
]
, (50)
where,
1Kn1,qn2n3 (p123) =
p
n1
1
Γ (n1+ 1)
e−p2
×
∫ ∞
1
(2ξ )n2+n3−q+1Bn2+1,n3+1
(
ξ + 1
2ξ
)
e−p3ξdξ , (51)
2Kn1,qn2n3 (p123) =
p
n1
1
Γ (n1+ 1)
e−p2
×
∫ ∞
1
(2ξ )n2+n3−q+1Bn2+1,n3+1
(
1
2
)
e−p3ξdξ , (52)
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with incomplete beta functions,
Bnn′ (z) =
∫ z
0
τn−1(1− τ)n′−1dτ, (53)
These may be found in: [36]. Analytical relations were de-
rived using the following identity in Eqs. (49),
Bnn′ (1− z) = Bnn′−Bnn′ (z) , (54)
Bnn′ are beta functions, and using their series representation
[60] of the incomplete beta functions,
Bnn′ (z) =
∞
∑
s=0
(1− n′)s
(n+ s)s!
zn+s; |z|< 1. (55)
Considering the domains of integrals given in Eq. (30) and
the Eq. (54), the convergence condition: 1− z= ξ−12ξ < 12 , is
satisfied. Thus, there are no significant computational disad-
vantages of using non-integer principal quantum numbers in
Slater-type orbitals while the orbital parameters are equal.
Otherwise, it is necessary to use the series representation
of exponential functions in addition, where the upper limit
of summation increases depending on values of p3 (pt) (for
large values, precise results require more terms). If, how-
ever, the summations arising from series representation of
exponential functions are also transformed into appropriate
recurrence relations then the number of terms to be used in
the summation is no longer a drawback.
Skipping the procedure given between Eqs. (51-55) and
continuing directly from the Eq. (50), e.g. using recurrence
relations [60] for incomplete beta functions and integration
by parts gives recursion as follows:
down-ward over n2, up-ward over n3,
νGn1,q1,0n2n3 (p123) =
Bn2+1,n3+1
Bn3+2,n2
νGn1,q1,0n2−1,n3+1(p123)
+
(
1
n3+ 1
)[ −Kn1,q1n3+1,n2 (p123) − −Kn1,q1n2,n3+1 (p123)],
(56)
down-ward over n3, up-ward over n2,
νGn1,q1,0n2n3 (p123) =
Bn2+1,n3+1
Bn2+2,n3
νGn1,q1,0n2+1,n3−1(p123)
+
(
1
n2+ 1
)[ −Kn1,q1n2+1,n3 (p123) − −Kn1,q1n3,n2+1 (p123)],
(57)
here,
[ −Kn1,q1n2+1,n3 (p123) − −Kn1,q1n3,n2+1 (p123)]
=
[ −Kn1,q1+1n2,n3 (p123) − −Kn1,q1+1n3,n2 (p123)],
−Kn1,qn2,n3 = +Kn1,−qn2,n3 ; −Kn1,0n2,n3 = +Kn1,0n2,n3 .
The Eqs. (42, 49) are similar. They run over fixed values
of {q,q2}. On the other hand, the parameter q1 is dynamic
due to the Eq. (47). Using Eq. (50) again but this time using
derivatives of the incomplete beta functions, the recurrence
relations over q1 are obtained as,
νGn1,q1,0n2n3 (p123) =
(
1
n2+ n3− q1+ 2
)[
p3
νGn1,q1−1,0n2n3 (p123)
+ −Kn1,q1n2,n3 (p123)+ −Kn1,q1n3,n2 (p123)
]
. (58)
Finally, for starting values of −Kn1,q1n2,n3 (p123), we have,
1Kn1,q1n2,n3 (p123) =
Bn2+1,n3+2
Bn2+2,n3
1Kn1,q1n2+1,n3−1 (p123)
+
1
2q (n2+ 1)
−Kn1,q1n2,n3 (p123) . (59)
The used recurrence relations and derivatives for incomplete
beta functions are given in the Appendix C.
4 Relationships for +Kn1,q1n2,n3 and −Kn1,q1n2,n3 integrals
In order to obtain recurrence relations for +Kn1,q1n2,n3 and −Kn1,q1n2,n3
integrals, first, from the following identities of
(
1
ξ q1
)
it is
easy to write,
1
ξ q1
=
(
ξ + 1
ξ
− 1
)q1
=
(
1− ξ − 1
ξ
)q1
=
(
ξ − ξ
2− 1
ξ
)q1
,
Thus,
−Kn1,q1n2,n3 =
q1
∑
s=0
(−1)q1−sFs (q1) −Kn1,sn2+s,n3 , (60a)
−Kn1,q1n2,n3 =
q1
∑
s=0
(−1)sFs (q1) −Kn1,sn2,n3+s, (60b)
−Kn1,q1n2,n3 =
⌊q1/2⌋
∑
s=0
(−1)sFs (q1) +Kn1,sn2+s,n3+s
+
q1
∑
s=⌊q1/2⌋+1
(−1)sFs (q1) −Kn1,sn2+s,n3+s. (60c)
The calculations start with Eq. (60c). The first summation
on the right hand-side is reduced over s as follows,
+Kn1,sn2n3 =
1
22s
s
∑
s′=0
(−1)s′ Fs′ (s) +Kn1,0n2+2s−2s′,n3+2s′ . (61)
Considering the identities ξ = (ξ + 1)−1, ξ = (ξ − 1)+1,
we also have,
+Kn1,sn2,n3 =
s
∑
s′=0
(−1)s−s′ Fs′ (s) +Kn1,0n2+s′,n3 (62a)
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+Kn1,sn2,n3 =
s
∑
s′=0
(−1)s′ Fs′ (s) +Kn1,0n2,n3+s′ . (62b)
For the starting values we can use the following relationship,
+Kn1,qn2,n3 (p123) =
p
n1
1
Γ (n1+ 1)
e−p3−p2
×
q
∑
s=0
Fs (q)
{
(−1)q+s 2n2+n3+s+1Γ (−n2− n3− q− 1)
Γ (−n2)
× Γ (n2+ n3+ q+ 2)
Γ (n2+ n3+ s+ 2)
1F1 (n3+ s+ 1;n2+ n3+ s+ 2;2p2)
+
Γ (n2+ n3+ q− s+ 1)
p
n2+n3+q−s+1
2
1F1 (−n2;−n2− n3− q+ s;2p2)
}
,
{n2,n3,n2+ n3} /∈ N; q≥ 0, (63)
which has quite simple form while q= 0.
The second summation of the Eq. (60c) to reduce over s, the
recurrence relation obtained via integration by parts is used,
s−Kn1,s+1n2,n3 =
(
2n2δn3,0+ 2
n3δn2,0
)
e−p3− p3−Kn1,sn2,n3
+(n2+ n3)
−Kn1,s−1n2−1,n3−1− (n2− n3) −K
n1,s
n2−1,n3−1. (64)
At the end of this process, all the terms are in form that
−Kn1,1n2+s,n3+s. Now, using Eqs. (60a, 60b) while s= 1,
−Kn1,1n2+s−1,n3 =
−Kn1,1n2+s,n3+s− +K
n1,0
n2+s−1,n3 , (65a)
−Kn1,1n2,n3+s−1 = +K
n1,0
n2+s−1,n3− −K
n1,1
n2+s,n3+s
. (65b)
Finally all the terms are expressed in terms of −Kn1,1n2,n3 which
is analytically calculated by Eq. (59) based on [1]. Note that,
similarly relationships for N n1,qn2,n3 are derived. Here we give
only an expression required to calculate the starting values,
N n1,qn2,n3 (p123) =
pn1
Γ (n1+ 1)
2n2+n3+1ep3−p2Γ (n3+ 1)
×
q
∑
s=0
(−1)q+s2sFs (q) Γ (n2+ s+ 1)
Γ (n2+ n3+ s+ 2)
× 1F1 (n2+ s+ 1;n2+ n3+ s+ 2;−2p3) . (66)
Summary of the integral method:
The procedure of calculation has the following order,
– Eq.(59) through Eq.(51) [See [1] or use Eqs.(54-55)] is
calculated for q1 = 1.
– The results are used in the Eq. (58), where the first term
on the right hand-side corresponds to pt = 0 in Eq.(47).
– The value of q1 is increased. Eqs. (60-65) are used to
calculate −Kn1,q1n3,n2 for that value.
– The Eq.(56) or Eq. (57) is used. They give all the terms
arising in the Eq. (49) and Eq. (47).
5 Conclusion
Until few years ago, the use of Slater basis sets with non-
integer principal quantum numbers in electron structure cal-
culation was thought to be nearly impossible [59]. The at-
tempts in this regard failed due to the absence of bench-
mark values. The authors in their previous work [2, 61, 62]
first focused on this issue e.g., obtaining results for molec-
ular integrals with unquestionable precision via numerical
techniques. They presented benchmark values for two- and
three-center integrals. The non-integer Slater-type orbitals
are not analytic at r = 0 in the sense of complex analysis.
From the mathematical point of view this implies that an-
alytically closed form relations for molecular integrals are
unavailable. Compact form relations, however, avoid using
series representation of incomplete gamma functions which
are not stable for all values of parameters. They were es-
tablished in the first paper of this series [1]. Analytical re-
lations for the first term (pτ = 0) of Eq. (47) were derived
in terms of incomplete beta functions. The previous paper
also allows us to argue the increased efficiency of the inte-
gration procedure outlined above. Note that an approximate
count of FLOPs needed is in favour of the strategy outlined
in the present paper. As emphasized in closing this section,
the next step is to develop a suitable code for rapid numer-
ical evaluation of the integrals according to the method de-
veloped here. In the present study, they are used as a start-
ing point to calculate the second term (pτ 6= 0) via recur-
rence relations. This is similar to a method used for calcula-
tion of overlap-like integrals while (n2,n3) ∈ Z [see the Eq.
(39)] and leads calculating series representation of incom-
plete beta functions only once and for all. The relationships
obtained are expressed in terms of −Kn1,q1n3,n2 . Accordingly, the
related section (4) contains an explicit description.
The procedure of integral calculation, outlined above gen-
erates a stable algorithm. This permits efficient calculation
of the molecular integrals. Developing a computer program
for two-center, one- and two-electron integrals by using the
formulae given here and obtaining results for different or-
bital parameters and inter-nuclear distances will be the sub-
ject of next research.
Appendices
A
Applying the integration by parts twice to the Eq. (30) while
q= 0, where in the first operation we use,
for the Eq. (43),
U = (ξ +ν)n2 e−p2ξ−p3ν , dV = (ξ −ν)n3 dξ ,
for the Eq. (44),
U = (ξ −ν)n3 e−p2ξ−p3ν , dV = (ξ +ν)n2 dξ ,
8 Ali Bag˘cı et al.
thus we have,
Gn1,0n2n3(p123) =
p2
(n3+ 1)
Gn1,0n2,n3+1(p123)
− n2
(n3+ 1)
Gn1,0n2−1,n3+1(p123)−
1
(n3+ 1)
N n1,0n2,n3+1(p123),
(67)
Gn1,0n2n3(p123) =
p2
(n2+ 1)
Gn1,0n2+1,n3(p123)
− n3
(n2+ 1)
Gn1,0n2+1,n3−1(p123)−
1
(n2+ 1)
N n1,0n2+1,n3(p123).
(68)
Performing the second operation to the first terms on the
right-hand side of Eqs. (67, 68) with,
U = (ξ +ν)n2 (ξ −ν)n3+1 , dV = e−p3νdν,
U = (ξ +ν)n2+1 (ξ −ν)n3 , dV = e−p3νdν,
the Eqs. (43, 44) are obtained, respectively.
B
Using the series expansion of exponential functions ez, where
z=−p3ν in the Eq. (30) while q= 0 we have,
Gn1,0n2n3(p123) =
p
n1
1
Γ (n1+ 1)
∞
∑
s=0
(−1)s p
s
3
Γ (s+ 1)
×
∫ ∞
1
∫ 1
−1
νs (ξ +ν)n2 (ξ −ν)n3 e−p3ξdξdν. (69)
Dividing and multiplying the integral on the right-hand side
with ξ s gives:
νGn1,s,sn2n3 (p123) =
ps3
Γ (s+ 1)
=
∫ ∞
1
∫ 1
−1
ξ−s (ξ ν)s (ξ +ν)n2 (ξ −ν)n3 e−p2ξdξdν.
(70)
The Eq. (48) is obtained by analogously generalization of
power functions ξ−s, (ξ ν)s to ξ−q1 , (ξ ν)q2 , respectively.
C
The normalized version of incomplete beta functions are
used,
Bnn′ (z) =
Bnn′ (z)
Bnn′
; Bnn′ (z) = 1−Bn′n (1− z) . (71)
They are usually represented by “I” hovewer we use “B”
in order to avoid the confusion with the Bessel functions.
Thus, the recurrence relations and the derivatives used in the
present work have the following form,
Bnn′ (z) =Bn+1,n′−1 (z)+
zn (1− z)n′−1
nBnn′
, (72a)
Bnn′ (z) =Bn−1,n′+1 (z)+
zn−1 (1− z)n′
n′Bn′n
, (72b)
∂Bnn′ (z)
∂ z
=
(z)n−1 (1− z)n′−1
Bnn′
, (72c)
Bnn′ = Bn′n and z=
ξ+1
2ξ , 1− z= ξ−12ξ .
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